We use the classical approximation to the dual QCD field equations to calculate the term in the heavy-quark potential that is proportional to angular momentum squared. This potential combined with the potentials obtained in our earlier work gives a result which is essentially the dual of the potential acting between a monopole-antimonopole pair carrying Dirac electric dipole moments and rotating in a relativistic superconductor. These potentials are used to fit the masses of the low-lying states of the ce and bb systems. The agreement, achieved with only four parameters, two of which are roughly determined in advance, is better than 1%. We also predict the masses of the lightest cb states.
I. INTRODUCTION
In a series of recent papers we have calculated the heavy-quark-antiquark central potential [1, 2] , the spinspin potential and the tensor force [3] , and finally the spin-orbit potential [4] . In this paper we wish to complete our study of the static heavy-quark potential through order (mass)-2 by including the term proportional to the orbital angular momentum squared. This potential is then used to fit the known energy levels of the ce and bb quark-antiquark systems. We also predict the as yet unobserved levels of these systems as well as those of the, as yet unseen, cb system.
II. VL:a FROM THE DUAL QCD LAGRANGIAN
In dual QCD the dynamical field is Cp., the vector potential dual to the ordinary vector potential Aw While the dual QCD Lagrangian has not been derived from first principles, we have motivated its construction on the basis of long-range QCD [4] .
In the absence of quarks, the Lagrangian for Cp. is given by 
and D and H are the non-Abelian generalizations of the color-electric displacement and magnetic field:
and
where C~-' = L: C~~.Xa and ~.Xa are the generators of SU (3) . The dual coupling constant g = 2 e.,.. where e is the ordinary Yang-Mills coupling constant. The quantity B represents the three scalar octets necessary to give mass to all color components of Cp., B = (B1,B2,Ba). The function W (B) is the counterterm needed for renormalization and plays the role of a Higgs potential. Since they couple to the dual potentials the scalar fields B carry color-magnetic charge. For the calculation of flux tubes, we make the simplest color ansatz that produces a closed set of nontrivial field equations [5] . The fields D, H, and Care all proportional to the color matrix Y = .Xs/ y'a. Two of the three B fields can be chosen to be equal:
Bt, B2, and Ba are chosen to be in the color directions (.X7, -.X5, .X2) respectively. Finally, the counterterm is given explicitly elsewhere [6] .
We next wish to extend this to a system consisting of a heavy quark of chargee and an antiquark of charge-e having masses m1 and m 2 (we can ignore spins for the purpose of this paper) and rotating around their center of mass with an angular velocity w. The 
where v = w x x and D 8 is the string field (1] joining the quarks:
where x 1,2(t) are the positions of the quarks at timet. The resulting Lagrangian is
where the double dot denotes the second derivative with respect to time. The field equations following from C are readily written down. They are 2
To obtain the term proportional to L 2 in the heavyquark potential we need only expand the above Lagrangian to order v 2 . This can be done by noting that when the quark sources rotate the static fields C, B, and Ba move rigidly with the sources through first order in :.
where the magnetic field (which is first order in v) is
As in (1] , it is convenient to decompose C into
where C n is the Dirac monopole field associated with the two sources [1] :
and to make an analogous decomposition of Co into Co= co+ Con, where (16)
is the scalar potential associated with the Biot-Savart magnetic field of the two moving sources. 
Since we now have a static problem, the L 2 part of the heavy-quark potential is
Using Eq. (20), we can now express VL2 in the final form
In obtaining the solution to Eq. (20) it is convenient to employ a coordinate system which reflects the symmetry of the fields. In this system the quark and antiquark lie on the z axis at z = R/2 and z = -R/2, respectively. This of course means that for unequal mass quarks the center of mass Xc.m. = Zc.m. ez is not at the origin. Choosing the rotation in the x direction for quarks of mass m 1 and m 2 we obtain the following expressions for the various velocities:
c,e 
Using
Substituting these expressions into CoD, we find that it separates naturally into a part even in z and one odd in z.
and evaluating all explicit functions we obtain -- p 2 dp dz 2 } +---2rr pdp dz --+ -
It is this final form which we will employ for our numerical computations.
III. NUMERICAL EVALUATION OF Vp
The procedure which is followed here is exactly the same as that of Ref. [3] , as are the numerical methods. The azimuthal dependence in the field equation (20) where R is the separation of the quark and antiquark, a 8 is the conventional QCD coupling constant, and x is the dimensionless length variable x = J->. F;t R. Here ).. and -F;t are the two standard parameters of dual QCD [5, 6] . To avoid solving the field equations in the fitting process, we have fixed the third parameter of dual QCD, g 12 = 5. As a result, a 8 is given in terms of).. by CY. 8 = ;>.. tion and therefore must be treated as a perturbation. All of our previous empirical potentials contained Yukawa forms as well as powers of 1/ R. This potential, at least over the range necessary for our fit (from a few tenths of a fm to a few fm), has no obvious Yukawa dependence. We note that in our numerical calculations the boundary conditions for B along the z axis change at the charge position. For this reason it was necessary to have the charge on a mesh point. This means that the smallest value of R for which we could do the calculation would be the z cutoff (fixed by the QCD length scale) divided by the number of mesh points. In reality, more points are needed between the origin and the charge for an accurate solution. The integral of the Ds term in (22) runs over z from the origin to the charge location. Clearly this cannot be evaluated accurately with only one or two mesh points.
Finally, we note that there are also problems in the calculation of this potential for very large values of R and that the fit given in Eq. (32) only describes the potential in the region that we have calculated it. It then cannot be used for either very small or large values of R.
We do not view this limitation as a serious problem since the perturbation theory calculation of the energy shifts of p-wave state (this potential vanishes for s waves) is strongly suppressed near the origin due to the vanishing of the wave function and the exponential fall of the wave function at large R makes the contribution from this region unimportant.
IV. FIT TO THE ENERGY LEVELS OF THE CC AND BB

SYSTEMS
The procedure for obtaining a best fit to the energy levels of the known cc and bb states is the same as that used in Ref. [7] . We define an effective x 2 as
This would be the actual x 2 if the experimental statistical error was in fact 1% or equivalently what might be expected to be equal to the number of degrees of freedom if the theory was good to 1%. Our four free parameters, ). . , Fftj, and the two quark masses me and mb, are then varied to minimize the effective x 2 • Our procedure is the following. Using our spin independent potential we solve the Schrodinger equation to determine the eigenvalues and the wave functions for the necessary orbital angular momentum states. The spin and angular momentum dependent potential are then used perturbatively to calculate the energies of the individual states and the x 2 is evaluated. The four parameters are then varied to minimize x 2 • It should be emphasized that these are our only parameters and the dependence of potentials on these parameters is completely determined by dual QCD.
Once the best-fit parameters are determined we can predict the unobserved energy levels. Our best fit to the sixteen observed states is given in Table I . The resulting 
Predicted mass (GeV) 
Predicted mass (GeV) These parameters, which are only slightly changed from our previous fits [7] , result in a: 8 The results for the lowest-mass eli states are 7lcb = 6.276
GeV and 3 8 1 = 6.365 GeV. The higher states could also be calculated, but in the absence of any experimental candidates this seems premature.
V. CONCLUSIONS
We have found that the classical approximation to dual QCD gives an excellent fit to the (nearly) stable states of the heavy-quark-antiquark system, in terms of only four parameters. It should be emphasized that this is a calculation from first principles in dual QCD and as such should correctly predict long-range phenomena. We have deliberately not included effects associated with the short-range behavior of QCD such as letting the coupling constant run, or allowing the use of different 0:8 values for the 1/J and T and still a third value for the leptonic widths. Our purpose is to show what predictions follow directly from the theory, and what phenomena require a more complete description of QCD.
It appears that all of the potentials have the correct sign and reasonable behavior as a function of R. Those terms that differ in sign from one gluon exchange seem to agree with the experimental data. Finally, we note that for all of these fits we fixed g 12 = 5. Because varying this parameter requires a complete solution to the dual QCD field equations, which are nonlinear partial differential equations, it was not practical to include this parameter in our minimization search. However, we have done the complete calculation for g' 2 = 2 and g' 2 = 10. Over this range the final results showed very little dependence on g' 2 with the x 2 for g' 2 = 5 being slightly smaller than for the other values.
The dual QCD parameters ), and Ffri change in such a way as to keep the physical quantities a:8 and the string tension essentially constant. As result, the exact value of g 12 does not affect the fit and we can safely fix it to be 5, which was determined from other considerations [5] .
